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ABSTRACT

A digraphG = (V,E) is said to admit star—in—coloring if it satisfitise following two conditions: (i) no path of length
three is bicolored (ji) if any path of length twdtlvterminal vertices are of the same color, thiea €dges must be oriented
towards the middle vertex. In this paper we prdwa path union of theta gragh,, open star of theta grap$(n.T,), one
point union for path union of theta gragfi(t.n.T,), plus graphPL,,path union of plus grapRl,, open star of plus graph

S(t. Pl,), one point union for path union of plus graBf(t.n. PL,,;) are star—in—coloring graphs.
KEYWORDS:Coloring; Star—in—Coloring; Star—in—Chromatic Nunmtb®lus Graph; Theta Graph.
INTRODUCTION

A propercoloring of a graph G is a mapping vV — {1,2,3,...} such that ife = v;v;e E, then f(v;) # f(v;). A star—

coloring of a graph G is a proper coloring of the grapthwlite condition that no path of length th(gg) is bicolored. For
standard terminology and notation we follow Harg8y. The concept of star—coloring of graphs wasodticed by
Grunbaum [1]. The star—coloring of graphs have heeestigated by Fertin et al. [2] and Nesetriakt{6]. A digraph G is
said to be in—coloring if any path of length twatlwend vertices are of same color, then the edgeslaays directed
towards the middle vertex. Sudha and Kanniga [in8bduced a new concept known as star—in—colooingraphs. A

graph G is said to b&ar—in—coloringgraph if the graph G admits both star — colorind &n- coloring.

First we describe the star-in—coloring of a simgiaph as shown in Figure 1. Lef, v,, v, v, be the vertices,

and let the number within the circle indicates fteatticular color is assigned to that vertex.

@vd—{ @
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Figure 1: Star — in — Coloring of CycleC,

In this graph, we see that no two adjacent vertiwage the same color, no path on four verticesdsldred,
further each and every edge in a path of lengthitwehich end vertices have same color are oriette@rds the central

vertex. Hence it is star—in—colored with orientatiurther the star—in—chromatic number of the algraph is 3.
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We [10] proved that cycle, regular cyclic, geam,falouble fan, web and complete binary tree are-ista

coloring. In [11], proved that splitting of fan gia as well as double fan graph, Cartesian prodfipgith and a fan, as

well as path and a double fan, Tensor product tdf pad a fan,as well aspath and a double fan aesthr—in—coloring

graphs. For further results, the interested reederefer to [4, 5, 9].

Definition 1.1 [3] A theta graph is a block with two non-adjacesttices of degree 3 and all other vertices of

degree 2. We denote a theta grapithy

Deflnltlon 12 [5] TakePz,P4, ""PTl—Z'Pn’PTl'PTl—Z’""P4-’P2 paths orB,4’,... ) n_z,n,n, n_z, ...,4’,2
vertices and arrange them centrally horizontal, r@he= 0 (mod 2),n # 2. A graph obtained by vertical

vertices of given successive paths is known asisigrlaph of size and it is denoted bgi,,.

Definition 1.3 [5] Let ¢ be graph and;,, G,, ..., G,,n = 2 ben copies of grapt;. Then the graph obtained by

adding an edge from;to G;,,, (1 < i <n — 1) is called path union af.

Definition 1.4 [12] LetG be a graph of vertices. The graph obtained by replacing eactexest thek, , by a
copy ofG is called a star af denoted bys(n. ).

Definition 1.5 The minimum number of colors required for the stareoloring of a graplg is called thestar—

in—chromatic numbeof ¢ and is denoted by, (G).

MAIN RESULTS

Theorem 1

The path union of theta graph in a pgajhadmits star—in—coloring and its star—in—chromatimber is 5.

Proof

Let G be the graph obtained by joining n copiesheta graph by a path,, which consists o8n vertices andion — 1

edges. We denotg/ be the " vertex in the'] copy of G, wherd <i <8, and 1<j<n

We define a functiorf: vV — { 1,2,3, ...} such thaff (v;) # f(v;) if v,v;e E, as follows:
For eacly = 1,2, ...,n, we have
1, ifi =1(mod?2)

fv!) = {%+ 1, ifi =0 (mod?2)

Figure 2: Star-in-Coloring of Path Union of Theta Gaph.

In this pattern of coloring, the graph G is stareolored and its star—in—chromatic number is 5.
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Theorem 2

An open star ofn copies of theta graph, admits star—in—coloring and its star—in—chromatimber isy;[S(n.T,)] = 5.

Proof

Let G be a graph obtained by replacing each vertide; , except the central vertex @f , by the theta grapfn,, i.e.,
G = S(n.T,). This graphi consists 0Bn + 1 vertices and 0n edges.

Let v, be the central vertex of G. L@iit be the 1" vertex in the'] copy ofT,, where1 < i <8, 1 < j <n.Now
we shall join eachkvertex of all copies ofr, to the apex vertex,, where k is any fixed number between 1 and 8.
We define a functiorf: vV — { 1,2,3, ...} such thaff (v;) # f(v;) if v,v;e E, as follows:
f(vo) =2
1, ifi =1(mod?2)

(! ={i

§+1, ifi =0(mod?2),i>0

In this pattern of coloring, the graph G is stareolored and its star—in—chromatic numbey,i$s(n.T,)] = 5.

The star—in—coloring of (n.T,) is shown in Fig. 3.

Figure 3: Star-in-Coloring of §(n.T,).

Theorem 3

One point union for path union of theta grapi(t.n.T,) admits star—in—coloring and its star—in—chromatienber is
Xsi[Pnt(t- n. Ta)] =5.
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Proof

Let ¢ = P!(t.n.T,) be a graph obtained by replacing each verteRi of < i < t) by the theta grapff,, each vertex
Vi1,1(1 < i < t)is connected to the apex vertgy where tis any positive integer. This graphonsists oBtn + 1 vertices

and(9n + 1)t + (n — 1)t edges.

Let v¥; be the K copy of the | vertex in the'f row, where1 <i<t, 1<j<81<k<n.
We define a functiorf: vV — { 1,2,3, ...} such thaif (v;) # f(v;) if v,v;e E, as follows:

f(wo) =3
) . 1, ifj =1(mod?2)
f(vi.j):{%+1’ if j =0(mod2),j>0

In this pattern of coloring, the graph G is staremlored and its star—in—chromatic numbey$§Pt (t.n.T,)] =

The star—in—coloring of!(t.n.T,) is shown in Fig. 4.

Figure 4: Star-in-Coloring of Pt (t.n.T,)

Theorem 4
A plus graphpl,, admits star—in—coloring and its star—in—chromatimber ig;[Pl,,] = 5, where n = 0 (mod 2),n > 2.
Proof

Let G = Pl,be a graph, which consists@+ n Vertices andi?edges. We denots ; is the I" vertex in the' row, where
2

l<i<?, 1sj<ziand’yi1<i<nl<j<2n-2i+2
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We define a functiorf: v — { 1,2,3, ...} such thaff (v;) # f(v;) if v,v;e E, as follows:
If i =1 (mod 2) and; Sg

1, ifj =1(mod?2)
f(vi_j) =<{ 2, ifj =2(mod4)
5  ifj =0 (mod4)
If i =0 (mod 2) and; Sg

1, if j =1 (mod 2)
f(vi,j) =<{3, ifj =2(mod4)
4, if j =0 (mod 4)

When; > 4 1 the pattern of coloring has been grouped into¢ages:
2

Case 1:Whenn = 0 (mod 4)
Subcase 1.1Fori = 1 (mmod 2)
1, ifj =0(mod?2)
f(vi,j) = 2’ lf] =1 (mOd 4’)
5  ifj =3 (mod4)
Subcase 1.2Fori = 0 (mod 2)
1, ifj =0(mod?2)
f(Vz,j) =1 4, if j =1 (mod 4)
3, ifj =3 (mod4)
Case 2:Whenn = 2 (mod 4)
Subcase 2.1Fori = 1 (mmod 2)
1, ifj =0(mod?2)
f(vi,j) = 5’ lf] =1 (mOd 4’)
2, ifj =3 (mod4)
Subcase 2.2Fori = 0 (mod 2)
1, ifj =0 (mod?2)
f(vij)=43 ifj =1(mod4)
4, if j =3 (mod4)

From the above cases, we conclude that the plgh@rg is star—in—colored and its star—in—chromatic nunibe
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Ve, Ve,2
Figure 5: Star-in-Coloring of Pl

The star—in—coloring ofl, is shown in Fig. 5.
Theorem 5
Path union of the plus gragti,, admits star—in—coloring and its star—in—chromatimber is 5,wheren = 0 (mod 4).
Proof

Let ¢ be a path union of copies of the plus gragti,,, which consists of(ﬁ tn

)r vertices andn? + r — 1 edges. We
2

denotey; is the I vertex in the! row of K" copy of L, where1 < i <2 1<j<2iand 4 1<i<nl1<j<
’ 2 2

2n —2i+2and1 < k < r.Join the verticegk  to pk*! fork =1,2,..,r — 1 by an edge.
E+1,n 2+1,1

We define a functiorf: vV — { 1,2,3, ...} such thaif (v;) # f(v;) if v,v;e E, as follows:

If i =1 (mod 2) and; gg,vk

_

, ifj =1 (mod?2)
if j =2 (mod 4)
5, if j =0 (mod 4)

N

f(viy) =

If i =0 (mod 2)and; < g,vk

1, if j =1 (mod 2)
f(vl) =43  ifj =2(mod4)
4, if j =0 (mod 4)

If i =1 (mod 2) and; 2§+ 1,vk
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1, if j =0 (mod 2)
f(vf) =42 ifj =1(mod4)
5  ifj =3 (mod4)

If i =0 (mod 2) and; Zg—i- 1, vk

1, ifj =0 (mod?2)
f(vllfj) ={ 4, ifj =1(mod4)
3, ifj =3(mod4)
In this pattern of coloring, the plus graghs star—in—colored and its star—in—chromatic nunitbg.

The star—in—coloring of path union pttopies ofpl, is shown in Fig. 6.
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Figure 6: Star-in-Coloring of Path Union ofr Copies ofPl,

Theorem 6

An open star oft copies of plus grapls(t.Pl,) admits star—in—coloring and its star—in—chromatiember is

Xsi[S(t.PL)] = 5, wheren = 0 (mod 2),n > 2.
Proof

Let G = S(t.Pl,) be a graph obtained by replacing each verticeg,of except the apex vertex ¢f, by the graph

PL,. This graphi consists of (n?2 " n) vertices and(n? + 1) edges.

+1

Let v, be the apex vertex df, .. We denoteyk; is the I' vertex in the' row of K" copy of P, inG, where
1<i<i 1<j<z2iandlii<i<nil<j<2n-2i+2and1<k<tdointhe vertice@’,fﬂ 1With the vertexy,
2 2 2tL
by an edgé& = 1,2, ..., t.
We define a functiorf: vV — { 1,2,3, ...} such thaif (v;) # f(v;) if v,v;e E, as follows:

If i =1 (mod 2) and; gg,vk
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1, ifj =1(mod?2)
fl) =12 ifj =2(@nod4)
5 ifj =0 (mod4)
If i =0 (mod 2)and; < g,vk
1, ifj =1(mod?2)
f(vllfj) =<{3, ifj =2(mod4)
4, if j =0 (mod 4)
When; > 4 1 the pattern of coloring has been grouped into¢ages:
2
Case 1:Whenn = 0 (mod 4)
Subcase 1.1Fori = 1 (mod 2),Vk
1, if j =0 (mod 2)
f(vllfj) =<{2, ifj =1(mod4)
5 ifj =3 (mod4)
Subcase 1.2Fori = 0 (mod 2),Vk
1, ifj =0 (mod?2)
ff) =<4 ifj =1(nod4)
3, ifj =3 (mod4)
Case 2:Whenn = 2 (mod 4)
Subcase 2.1Fori = 1 (mod 2),Vk
1, ifj =0(mod?2)
f(f) =15 ifj =1(mod4)
2, ifj =3 (mod4)
Subcase 2.2Fori = 0 (mod 2),Vk
1, ifj =0(mod?2)
ff) =13 ifj =1(mod4)
4, if j =3 (mod4)
andf(v,) = 3

From the above cases, we conclude that thegfaplstar—in—colored and its star—in—chromatic nunibg,

The star—in—coloring of(¢. PL,) is shown in Fig. 7.
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Theorem 7

One point union for path union of plus graph(t.n. PL,,) admits star—in—coloring and its star—in—chromatienber is
xsilPE(t.n. PL,)] = 5, wherem = 0 (mod 4).

Proof

Let G = P{(t.n.Pl,) be a graph obtained by replacing each verticespf except the apex vertex @f , by the path

union of n copies of the graph,,,. This graphg consists of,, (m2 1 vertices andn(m? + 1) edges.

o+ m)
Let v, be the apex vertex ¢, with t branches. We denoge’® is the I vertex in the'f row of K" copy ofpi,,
lies in the ¥ branch of the grapts, whereq <i S?, 1<j<?2iand %4_1 <i<m1<j<2m-2i+2and

1<k<n1<s<t Join the verticeg5k toysk+t for k =1,2,..,n—1,s =1,2,..,thy an edge.Also join the
—+1m

2 7+1,1

vertices ofp5t  with v, by an edge.
—+1,1
1,

We define a functiorf: vV — { 1,2,3, ...} such thaif (v;) # f(v;) if v,v;e E, as follows:

If

1 (mod 2) and; < g,\?’s,k
1, ifj =1(mod?2)
f(”is,}'k =12, ifj =2(mod4)
5 ifj =0(mod4)

If i =0 (mod 2) and; SZ,VS,k
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1, ifj =1 (mod?2)
f(v;}f‘ ={ 3, if j =2 (mod 4)
4, if j =0 (mod 4)
If i =1 (mod 2) and; > g—i- 1,Vs,k
1, ifj =0(mod?2)
f(vi’jk ={2, ifj =1(mod4)
5, if j =3 (mod 4)
If i =0 (mod 2) and; > §+ 1,Vsk
1, ifj =0(mod?2)
f(vi’jk =3{4, ifj =1(mod4)

3, ifj =3(mod4)
andf (vy) = 3
In this pattern of coloring, the graptis star—in—colored and its star—in—chromatic nunikgr

The star—in—coloring of3f (¢t.n. Pl,) is shown in Fig. 8.
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Figure 8: Star-in-Coloring of P (t.n. Pl,)
CONCLUSION

In this paper we investigate the star—in—coloringaept to the graphs related to theta and plushgrdgurther we find the
star—in—chromatic number of these graphs. It isregting to note that each and every graph disdussthis paper has a
star—in—chromatic number five. To find a new claégraphs with star—in—chromatic number five, isiateresting open
area of research.
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